We describe in detail the calculation of the two-loop corrections to the QED Bhabha scattering cross section due to the vacuum polarization by heavy fermions. Our approach eliminates one mass scale from the most challenging part of the calculation and allows us to obtain the corrections in a closed analytical form. The result is valid for arbitrary values of the heavy fermion mass and the Mandelstam invariants, as long as s, t, u ≫ m 2 e .
1 Introduction different framework [27] (see also [28] ). 6 The corrections involving a closed electron loop were obtained in [35, 36, 37] by direct diagrammatic calculation, retaining the full dependence on m e . The calculation was performed by using the Laporta algorithm [38] for the reduction of the Feynman diagrams to the master integrals (MIs) [39] , which were subsequently evaluated [30, 31, 32, 33, 34] by means of the differential equation method [40] . The result was obtained in analytical form in terms of harmonic polylogarithms [41, 42, 43, 44] . The corrections due to the vacuum polarization by heavy fermion of mass m f ≫ m e were first evaluated in the limit m 2 f ≪ s, t, u by two different methods [27, 45] . The calculation of [27] is based on the expansion in the electron mass within the effective theory approach, while the calculation of [45] is diagrammatic and based on the reduction to the MIs evaluated in the asymptotic regime [46] . The condition m 2 f ≪ s, t, u, however, does not hold for τ -lepton, c-and b-quarks in the practically interesting energy range of about a few GeV, as well as for the top quark at typical ILC energies 500 GeV ∼ < √ s ∼ < 1000 GeV. In a recent letter [47] we announced the result for the two-loop heavy-flavor contribution which is valid for any ratio of the heavy fermion mass to the Mandelstam invariants, provided s, t, u ≫ m 2 e . The calculation was performed in the small electron mass limit. We used the general theory of infrared and collinear divergencies to separate the singular dependence of the corrections on the vanishing electron mass. The most difficult part of the calculation was then carried out with a strictly massless electron. This critically reduced the complexity of the problem and made it solvable by the method of [35, 36, 37] . 7 In this paper we provide a detailed account of our calculation [47] and we present the complete analytical result for the correction to the Bhabha cross section. The paper is organized as follows. In Section 2 we introduce our notations and conventions. In Section 3 we discuss the infrared and collinear structure of the corrections and outline the strategy of the calculation. In Section 4 we describe the calculation of two previously unknown four-point two-loop master integrals. In Section 5 we present the analytical result for the correction to the cross section. The numerical analysis is given in Section 6. Section 7 contains our conclusions. Some technical aspects of the calculation including the auxiliary functions, generalized harmonic polylogarithms (GHPLs), and the asymptotic behavior of the corrections are discussed in the appendices.
Notation and Conventions
In this Section we briefly summarize our notation and conventions which follow [36, 37] . We consider the photon mediated process e − (p 1 ) + e + (p 2 ) → e − (p 3 ) + e + (p 4 ) ,
where
e . In the following, we will neglect the electron mass, which is much smaller than any of the other mass scales involved in the problem. m e will be set consistently to zero everywhere, except where it acts as a regulator for the collinear singularities. The kinematics 6 The full dependence of the pure photonic corrections on the electron mass m e is not known at the moment. The corresponding calculation involves the two-loop box diagrams with three scales: s, t and m e , which are not yet available, though many relevant results have been already obtained [29, 30, 31, 32, 33, 34] . 7 When this work was in preparation a numerical result for the two-loop heavy-flavor contribution was obtained by means of the dispersion relation approach [48] . of the process is described in terms of the Mandelstam invariants s, t and u:
where s + t + u = 0, E is the particle energy in the center-of-mass frame, and θ is the scattering angle. The Bhabha scattering differential cross section is given by a series in the fine-structure constant α: dσ dΩ 
is the Born cross section. In this paper, we consider only the radiative corrections dσ i /dΩ that involve the vacuum polarization by heavy fermions. The first order correction to the cross section comes from the interference of the diagrams (a) and (b) in Fig. 1 
The expression of the one-loop vacuum polarization functions Π (1l,0) 0 is given in Appendix B; Q f is the electric charge of the heavy fermion, N c (number of colors) is equal to 1 for leptons and 3 for quarks, and we adopt the on-shell scheme for the renormalization of α and of the fermion mass. Note that Eq. (7) is infrared finite and has a regular behavior in the small electron mass limit.
Structure of the Second-Order Corrections and Calculation Method
The two-loop virtual corrections are infrared divergent. These soft divergencies are canceled in the inclusive cross section when one adds the photonic bremsstrahlung [49] . We regulate all the soft divergencies by dimensional regularization in D space-time dimensions. The standard approach to deal with the bremsstrahlung is to split it into a soft part, which accounts for the emission of the photons with the energy below a given cut-off ω ≪ m e , and a hard part corresponding to the emission of the photons with the energy larger than ω. The infrared finite hard part is then computed numerically using Monte-Carlo methods with physical cuts dictated by the experimental setup. At the same time, the soft part is computed analytically and combined with the virtual corrections ensuring the cancellation of the soft divergencies in
Eq. (5). Thus we consider the second-order contribution to the cross section given by the sum of two terms:
which correspond to the two-loop virtual correction, 8 and the one-loop correction to the single soft photon emission which factorizes into the product of the first-order contributions [50] .
The calculation of the virtual corrections is a highly nontrivial problem since in principle it involves the two-loop box diagrams depending on four mass scales: s, t, m f , and m e . These diagrams are beyond the reach of the available calculational techniques. However, in practice the electron mass is much smaller than any of the other mass scales involved in the problem and the calculation can be significantly simplified by exploiting this scale hierarchy. The small electron mass limit is not trivial because a finite electron mass regulates the collinear divergencies, giving a logarithmic dependence of the second order correction on m e . One way to perform a systematic expansion in the small electron mass is to use the expansion by regions approach [51] . However, if we are interested only in the leading order term in m 2 e /s, the problem can be solved in an elegant way without the expansion of the individual diagrams [47] . The main idea of the method is to use the general theory of collinear divergencies to identify a set of simple diagrams responsible for the singular behavior of the corrections on the electron mass. Then, we compute the remaining corrections with a strictly massless electron, effectively removing one mass scale from the most complicated part of the calculation.
Let us describe the approach of [47] in more detail. The second order contribution to the cross section can be split in the sum of two terms according to the asymptotic dependence on m e :
The logarithmic term in Eq. (9) is a remnant of the collinear divergence regulated by the electron mass. The quantities δ in Eq. (9) depend on s, t, and m f only. The collinear divergencies, and hence the singular dependence of the corrections on m e , have a peculiar structure which was extensively studied in the context of QCD. In particular, in a physical (Coulomb or axial) gauge the collinear divergencies factorize and can be absorbed in the external field renormalization [52] . Due to the factorization, the singular dependence on m e is the same for the Bhabha amplitude and the square of the vector form factor [25] . This attributes the total logarithmic corrections to the two-loop Bhabha scattering amplitude to the one-particle reducible diagrams (s)-(v) and the one-particle irreducible diagrams (g)-(j) of Fig. 4 . Moreover, due to the on-shell renormalization condition, the vacuum polarization does not change the photon propagator near the mass shell where the collinear divergencies are located. As a result, the irreducible diagrams are infrared finite even for m e = 0 and the singular terms are entirely contained in the reducible diagrams. In calculating the cross section one has to take into account also the contributions coming from the interference of the one-loop corrections to the amplitude and the soft emission. Both contributions have a factorized form and can be easily evaluated for m e = 0. Thus, it is straightforward to obtain the coefficient of the logarithmic term in Eq. (9), which reads
At the same time the sum of the remaining two-loop one-particle irreducible diagrams has a regular behavior in the small electron mass limit and can be computed with m e = 0. The two-loop vacuum polarization given by the diagrams (a)-(f) in Fig. 4 does not develop collinear singularities, because the corresponding photon is far off-shell. Hence, the sum of the two-loop box diagrams (k)-(r) in Fig. 4 is free of collinear divergencies as well. Let us emphasize that this property in general holds only for the sum of the diagrams. The individual diagrams computed in a covariant gauge do exhibit the collinear divergencies for m e = 0. This, however, does not pose any additional problem since we work in dimensional regularization. In this case, the collinear divergencies show up as extra poles in (D − 4), which are not related to the soft emission and disappear in the sum of the one-particle irreducible diagrams. The cancellation of the collinear singularities of the box diagrams in the Feynman gauge is schematically shown in Figs. 2 and 3 for the one-and two-loop cases, respectively. Let us demonstrate this cancellation explicitly in the case of the one-loop graphs. Each one-loop box diagram for m e = 0 exhibits a double pole in (D − 4), arising from the overlapping of soft and collinear divergencies. In particular, for the diagram (g) in Fig. 1 one finds
while for the diagram (i) one obtains 
so that the double pole disappears in the sum of the diagrams. The residual single pole in (D−4) is of soft nature and it is canceled after adding the soft-photon emission. The cancellation of the collinear poles of the two-loop box diagrams is completely analogous to the one-loop case. Since the sum of the box diagrams has a smooth limit m e → 0, the result does not depend on whether this limit or the limit ǫ → 0 is taken first. In other words, the absence of collinear divergencies makes in such a way that the expression of the sum of the box diagrams cannot depend on which collinear regulator (electron mass or dimensional regularization) is employed in the calculation. All the "true" two-loop diagrams contribute only to the non-logarithmic term in Eq. (9) and, thus, can be evaluated for m e = 0. The two-loop problem with massless electron falls in the same complexity class as the one considered in [35, 36, 37] and can be solved by similar approach. In the reduction of the two-loop box diagrams, however, two completely new MIs appear. The calculation of these MIs is described in the next section.
The Master Integrals
The two-loop heavy-fermion correction to the Bhabha scattering amplitude is given by the Feynman diagrams shown in Fig. 4 . We express the square modulus of the amplitude in terms of scalar integrals. The ultraviolet, soft, and collinear divergencies of the integrals are treated by dimensional regularization. By means of the Laporta algorithm [38] the scalar integrals are reduced to six MIs diagrammatically shown in Fig. 5 . Four of them, Fig. 5 (c) -(f), were already known [31, 53] . The integrals Fig. 5 (a) and (b) represent the main computational result of the present paper. Below we describe their calculation. For the pair of MIs of the box topology we choose the integrals Fig. 5 (a) and (b) with the following momentum routing:
f , and where the integration measure is defined as
C(D) is a function of the space-time dimension D:
with C(4) = 1. In Eq. (16) µ stands for the 't Hooft scale of dimensional regularization and we set µ = m f in the rest of the paper. The integration measure in Eq. (16) is chosen in such a way that the one-loop massive tadpole becomes
The MIs M 1 and M 2 satisfy two systems of first-order linear differential equations [40] in the external kinematical invariants s and t. With our choice of MIs, the s-system is completely decoupled, i.e. every MI satisfies a single first-order linear differential equation. By contrast, the t-system consists of two coupled equations and, therefore, is equivalent to a second-order linear differential equation for one of the MIs. 9 The solution of the system requires two initial conditions. Our MIs are functions of m 2 f , s and t. They are regular for t → 0 and it is possible to determine the initial conditions at t = 0 for any value of s. Therefore, it is more convenient to solve the system of the differential equations in t then the decoupled first-order equations in s. We define the following dimensionless variables:
In terms of these variables the t-system takes the form:
Note that the second MI with the scalar product on the numerator is dimensionless, while the first one has the mass dimension of m 
All the possible singularities of the integrals M 1 and M 2 are those appearing in their coefficients in Eqs. (20, 21) . Thus, the singularities are potentially located at y = 0, y = −4 and y = −x. The point y = −4 is a singular point for the integrals. It corresponds to the three (two massive and one massless) particle cut in the t channel. By contrast, y = 0 is a regular point. We can use this information in order to determine the initial conditions. In fact, multiplying Eqs. (20, 21) by y and taking into account that y dM 1,2 /dy| y→0 → 0, in the limit y → 0 we find
where the functions G are generalized harmonic polylogarithms (GHPLs) [54] described in Appendix A. The system of Eqs. (20, 21 ) is equivalent to a second-order linear differential equation for one of the MIs. For the integral M 1 , after trivial manipulations, we find
The function Ω(D, m 
The functions Ψ i (m 2 f , x, y) in Eq. (28) are defined as follows (M 1,j = 0 for j < −3):
Note that Ψ i (m 
The formal solution of Eq. (28) reads
where J i are integration constants, which are fixed by the regularity condition for the derivative M ′ 1,i at y = 0. Actually, in every order in (D − 4) we find J i = 0. This means that we have to discard the homogeneous solution and keep only the particular solution of the inhomogeneous Eq. (28) . Then, we integrate Eq. (31):
J 1,i are again integration constants which are determined by the initial conditions Eq. (24).
Once we have the master integral M 1 , the calculation of M 2 is straightforward. From Eq. (20), we express M 2 in terms of M 1 and dM 1 /dy. The final analytical expression for M 1 and M 2 reads
and
The result is expressed in terms of GHPLs of two variables, x and y. More details on these functions can be found in Appendix A. We checked that Eqs. (33, 38) do satisfy the system of linear differential equations in s, and the initial condition of Eq. (25) for M 2 is recovered in the limit x → 0.
The Two-Loop Heavy-Flavor Correction
In this Section we present the analytical result for the contribution of the different classes of the two-loop diagrams shown in Fig. 4 and the corresponding soft-photon emission contribution to the differential cross section. We keep the notations as close as possible to [36, 37] . The ultraviolet divergencies are renormalized in the on-shell scheme. It is convenient to split the two-loop virtual correction in Eq. (8) into the sum of five terms which correspond to the contribution of the two-loop self-energy diagrams, two-loop vertex diagrams, two-loop box diagrams, two-loop reducible diagrams, and to the interference of oneloop vertex and one-loop box diagrams with the one-loop self-energy diagrams, respectively. We drop the list of arguments of the various contributions to the cross section. All the terms in Eq. (43) depend on s, t, and m f . As it is explained in Section 3, only the fourth and fifth terms on the r. h. s. of Eq. (43) depend logarithmically on the electron mass m e .
Two-Loop Vacuum Polarization Corrections
The contribution of the diagrams Fig. 4 (a)-(f) can be obtained by replacing Π in Eq. (7):
The explicit expression of the renormalized function Π 
Two-Loop Vertex Corrections
The two-loop vertex diagram are shown in Fig. 4 (g)-(j) . These diagrams are infrared finite and can be evaluated for m e = 0. The analytical result for the two-loop vertex correction reads
The functions V 
where the coefficients c i,1 (s, t) read
The explicit expressions of the renormalized form factor is given in Eq. (179) of Appendix B.
Two-Loop Box Corrections
There are eight two-loop box diagrams shown in Fig. 4 (k)-(r). If we transform the external momenta p 4 ↔ −p 1 and p 2 ↔ −p 3 in the diagram (l), it becomes identical to the diagram (k). Since this transformation does not change the Mandelstam variables s and t, the contributions of diagrams (k) and (l) to the differential cross section are equal. The same is true for the pairs of diagrams: (m)-(n), (o)-(p), and (q)-(r). Thus the contribution of the two-loop box diagrams can be written as follows:
where the overall minus sign is due to the closed fermion loop and the overall factor 2 reflects the identity of the diagrams discussed above. The Laurent expansion of the renormalized functions B
The expressions of the coefficients B 
Two-Loop Reducible Corrections
The two-loop reducible diagrams are shown in Fig. 4 (s)-(v) . They reduce to the product of the one-loop vacuum polarization function and one-loop Dirac form factor and can be easily obtained from Eq. (43) of [36] . The result is of the following form:
where the functions V R i (s, t) have the Laurent expansion
with
The coefficients c 1,1 (s, t) and c 2,1 (s, t) are given in Eq. (48) . Moreover, we have:
In Eqs. 
Interference of Two One-Loop Graphs
Finally, we discuss the interference between the one-loop vacuum polarization diagrams of Fig. 1 (a) and (b) , and the one-loop vertex and box diagrams of Fig. 1 (c)-(j) . The calculation is straightforward because the one-loop vacuum polarization factorizes with respect to the treelevel amplitude and the interference term can be obtained from the one-loop vertex and box corrections to the cross section. For the vertex diagrams we obtain
where the functions V (1l) i (s, t) are defined as
Their Laurent expansions read
and with the coefficients c i,j (s, t) given in Eqs. (48, 55) . Thus, if for instance we consider the the first term of Eq. (56), we obtain
Similar expressions hold for the other terms.
For the box diagrams we obtain
where the functions B 
The explicit expressions of the coefficients of the Laurent expansion can be found in Appendix B. Thus, for instance for the first term in Eq. (63) we obtain
and similar expressions for the other terms.
Soft Photon Emission
Let us now discuss the calculation of the second term in Eq. (8) . We use the procedure applied in [37] to the case of the electron vacuum polarization. It is convenient to introduce the quantity
where the first term on the right hand side (r.h.s.) is defined in Eq. (7) and the second term for m e = 0 reads
The contribution of the soft-photon emission is then given by
Here, the infrared divergent quantities J 1j (j = 1, · · · , 4) are defined as follows:
where ǫ j = +1 for j = 1, 4, ǫ j = −1 for j = 2, 3, and
The calculation of the integrals I 1j follows the procedure outlined in [55] and is described in detail in Appendix A of [37] . We need only the leading terms of the small electron mass expansion of these integrals, which to O ((D − 4) 0 ) read
Note that the term proportional to (D − 4) in Eq. (66) gives a finite contribution to Eq. (68), since J 1j contain an infrared pole.
Numerical Analysis
In this Section we consider the application of our result to the phenomenologically interesting cases relevant for physics at DAΦNE and the ILC. We provide a detailed account of the pure QED contribution, extend the analysis to the mixed QED-QCD corrections, and give an estimate of the hadronic vacuum polarization effect. All the terms involving the logarithm of the IR cut-off ω, ln(4ω 2 /s), are excluded from the numerical estimates because the corresponding contribution critically depends on the event selection algorithm and cannot be unambiguously estimated without imposing specific cuts on the photon bremsstrahlung. The actual impact of the two-loop virtual corrections on the theoretical predictions can be determined only after the result of the paper is consistently implemented into the Monte-Carlo event generators. Nevertheless, the above naïve procedure can be used to get a rough estimate of the magnitude and the structure of the corrections.
As a first application, we consider the Bhabha scattering at √ s = 1 GeV. The latter is the value of the center-of-mass energy of the KLOE experiment at DAΦNE, which plays a crucial role in the determination of the hadronic vacuum polarization contribution to the muon anomalous magnetic moment [10, 11] . The anatomy of the heavy-flavor two-loop correction for this choice of the center-of-mass energy is shown in Fig. 7 , where the case in which the heavy fermion is the τ -lepton is considered. Each curve plotted in Fig. 7 represents a specific subset of the virtual corrections and the corresponding soft emission. The dominant contribution originates from the two-loop reducible corrections and from the product of the one-loop corrections, which are considered together (see Sections 5.4 and 5.5). This subset is numerically dominant because it contains all the large collinear logarithms ln(s/m 2 e ). The numerical values of the ratio of the second-order heavy-flavor corrections to the Born QED cross section (Eq. (6)) are collected in Table 1 . 11 We separately consider the contributions of muon, τ -lepton, c-quark and b-quark. Since at KLOE one is particularly interested in the large angle scattering events, we considered the angular range between 50 and 130 degrees. For comparison we also give the value of the electron vacuum polarization contribution. 12 The following input parameters are used: m e = 0.510998902 MeV, m µ = 0.105658369 GeV, m τ = 1.7 GeV, m c = 1.25 GeV, and m b = 4.7 GeV. The contributions of the τ -lepton, c-and b-quark are suppressed with respect to the muon at least by one order of magnitude. The total heavy-flavor contribution is dominated by the muon loop and it reaches 0.45 permille in magnitude at θ ∼ 140
• . Note that the energy 11 Note that the numerical evaluation of our analytic formulas is done with double Fortran precision but we do not present here all the available significant digits 12 The electron contribution includes the logarithmic part of the soft-pair production. The logarithms of the soft-pair cut-off are excluded from the numerical estimates [26] . 
/dσ (0)
Figure 7: Self-energy ("S"), vertex ("V"), reducible plus one-loop times one-loop ("R"), and box ("B") contributions to the two-loop τ -lepton correction to the differential cross section of Bhabha scattering at
under consideration is sufficiently below the quarkonium threshold so that 4m 2 f − s ≫ Λ QCD and the heavy quarks can be treated perturbatively. Moreover, for the heavy-quark vacuum polarization in two-loop approximation one has to take into account the first order corrections in the strong coupling constant α s due to a gluon exchange inside the quark loop. The resulting O(αα s ) correction to the Bhabha cross section can be obtained from the QED contribution, Eq. (43), by adjusting the overall factor:
is the Casimir operator of the fundamental representation of the SU(N c ) color group, and the strong coupling constant is evaluated at the scale µ = m f , using the NLO RG equation with the appropriate number of active quarks, starting from the input value α S (M Z ) = 0.118. The numerical results for the O(αα s ) corrections are listed in the first and the second columns in Table 2 . At the same time, the contribution of the light u-, d-, and s-quark to the vacuum polarization is non-perturbative, due to the hadronization effects. In principle, it requires a special treatment based on the integration of the experimentally measured spectral density within the dispersion relation method (see e.g. [56] ), as it was done in [48] . However, this contribution can be estimated by naïve use of the perturbative result with effective light quark masses. Such estimates are normally in good agreement with the result of the rigorous analysis. To estimate the hadronic contribution at two-loop level we use, for the three light quarks u, d and s, the value m u = m d = m s = m ef f ∼ 180 MeV adopted to describe in the lowest order the hadronic contribution to the muon anomalous magnetic moment [57] . The numerical results for the light-quark contribution at KLOE energies are included in the third column of Table 2 . It is comparable to the contribution of the muon (c.f. Table 1 ). Note that at θ = 90
• our estimate reproduces the value given in [48] with 20% accuracy, sufficient for phenomenological applications at DAΦNE.
Let us now discuss Bhabha scattering at high energies, characteristic to the ILC. We consider two cases: the Giga-Z option with √ s = M Z , 13 and √ s = 500 GeV. In the first case, we consider the contributions of the leptons and the top quark perturbatively and give an estimate of the non-perturbative hadronic contribution due to the five "light" quarks, u, d, s, c and b, using the effective quark mass approach. We use the following values for the effective masses:
MeV, m c = 1.25 GeV, and m b = 4.7 GeV. These values were adopted to describe the lowest order contribution to α(M Z ) [58] . The numerical results are collected in Table 3 . The hadronic contribution is of the same size as the electron vacuum polarization contribution and exceeds the one of the muon. Note that our estimate reproduces the result of [48] at the scattering angles 90
• and 3
• with 25% and 10% accuracy, respectively. For the small angle scattering, which is of primary interest, our result provides the necessary accuracy of 0.1 permille.
For √ s = 500 GeV, we consider only the contributions of the leptons and the top quark. The large electroweak decay width of the top quark serves as an infrared regulator and it suppresses the hadronization effects. Therefore, the perturbative result is applicable at energies near and above the top-antitop threshold. At the same time, the effective mass approach for the contribution of lighter quarks is not reliable at this energy. The corrections become sizable due to the logarithmically growing terms and and a rough estimate with an error of about 25%, is not accurate enough to match the luminosity precision requirements. Different subsets of the second order correction due to the top-quark vacuum polarization to the Bhabha scattering cross section are plotted separately in Fig. 8 . In this figure we include also the O(αα s ) corrections to the cross section described by the term in Eq. (75). The numerical results for the two-loop corrections due to electron, muon, τ -lepton, and top quark vacuum polarizations for a centerof-mass energy of √ s = 500 GeV are collected in Table 4 . Note that the contribution of muon and τ -lepton can be significantly reduced if one takes into account the corresponding soft pair emission, which is justified at this energy from an experimental point of view. 13 The consideration we make about Giga-Z are valid for LEP1 as well. 
Figure 8: QED and QCD self-energy ("S"), vertex ("V "), reducible plus one-loop times oneloop ("R") and box ("B") contribution to the two-loop top-quark corrections to the differential cross section of Bhabha scattering at
√ s = 500 GeV. 
Conclusions
In the present work we derived the two-loop radiative corrections to Bhabha scattering due to the vacuum polarization by the virtual heavy-flavor fermion-antifermion pairs. This completes the QED analysis of the process at the two-loop level. The result is valid for arbitrary ratio of the Mandelstam invariants to the heavy fermion mass, provided all these quantities are large compared to the electron mass. The corrections to the cross section are expressed in terms of ordinary harmonic polylogarithms and Nielsen polylogarithms of ratios of polynomials in s and t invariants. Thus we have complete control over its analytic properties and numerical evaluation. The analytical result for the total two-loop QED corrections, which includes also the photonic and the electron vacuum polarization contributions [25, 36, 37] , is now available [60] .
We suggested a new approach which reduces the number of mass scales in the most complicated part of the calculation. The approach is based on the general properties of the infrared and collinear divergencies and could be useful for the high-order perturbative calculations in a wide class of processes with a clear mass hierarchy.
The numerical impact of the perturbative second-order heavy-flavor corrections, including the O(αα s ) contribution for heavy quarks, was studied for the KLOE experiment at DAΦNE as well as for the GigaZ and the high-energy options of the ILC. For the first two applications we also provided an estimate of the hadronic vacuum polarization contribution.
Our result is crucial for the high-precision physics at electron-positron colliders. It removes the last piece of pure theoretical uncertainty in luminosity determination at the low-energy accelerators and gives the proper account for the top quark effects at the ILC. The accuracy of the luminosity determination at low-energy accelerators is now restricted only by the precision of the Monte-Carlo event generators for the hard photon and electron-positron pair emission. To achieve such an accuracy for the large angle scattering at the ILC one has to perform more careful analysis of the hadronic contribution [48] and take into account also yet unknown two-loop electroweak corrections.
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A Generalized Harmonic Polylogarithms
For m e = 0 the two-loop corrections are function of s, t, u, and m f . It is convenient to use the dimensionless variables x and y given by Eq. (19) , and z = R 2 /m
To make the formulas as compact as possible we introduce six rescaled dimensionless quantities. In particular, in the non physical region s < 0, we define:
14 In the case of e + e − → µ + µ − annihilation the two-loop electroweak corrections enhanced by powers of the large logarithm ln(M 2 W,Z /s), which are dominant for √ s > ∼ 500 GeV, were computed in [59] . This analysis can be generalized to the Bhabha scattering by adding the t-channel contribution.
The rescaled variable y r is positive for y > 0, while the rescaled variable y b is positive for y > 4 and is a pure phase for 0 < y < 4. These properties hold also for the variables z, z r , z b and x, x r , x b . The analytical result for the cross section can be expressed in terms of a suitable set of GHPLs depending on two of the three variables x, y, and z. Let us consider the pair of variables x and y. In this case the set of the weight functions is:
The GHPLs of weight one are defined as follows:
while GHPLs of higher weight are defined by the iterated integration
with the only exception of the weight zero GHPLs, which are defined as follows:
The GHPLs defined in this way satisfy the usual shuffle algebra [41] . The subset of GHPLs which do not involve the weights −y and −y − µ can be expressed in terms of the ordinary harmonic polylogarithms (HPLs) of the arguments x r or y r , and weights 1, 0, and −1. The table of transformations useful for our calculation reads 
The auxiliary two-loop box B-functions listed in Appendix B involve three GHPLs which depend on two different kinematical variables. These GHPLs can be expressed in terms of the logarithms and Nielsen's polylogarithms depending on the rescaled variables:
where the Nielsen's polylogarithms are related to HPLs as follows:
A.1 Analytical Continuation
The result for the two-loop corrections in Section 5 is expressed in terms of the auxiliary functions which are given in Appendix B in the non-physical region s < 0. The corresponding expressions in the physical region s > 0 can be obtained by analytical continuation to the complex value of P 2 :
Not that in the physical region Q 2 and R 2 are real and positive. Let us consider the analytical structure of the rescaled variables, Eqs. (76-81). The variables y r and z r are positive and vary from 0 to 1 for 0 < Q 2 < ∞ and 0 < R 2 < ∞. The variable x r varies from 0 to 1 for 0 < P 2 < ∞. For positive s the variable x r becomes complex. In the region 0 < s < 4m 2 f it is a pure phase:
In the region s > 4m 2 f we have
The HPLs of the variables y r and z r are always real, while the HPLs of x r are complex for s > 0.
In particular, their imaginary part in the region above the heavy-flavor threshold, s > 4m 2 f , is defined when the analytical continuation of the logarithm is specified:
The case of the variables x b , y b , and z b is more complicated. The variables y b and z b can be complex. For 0 < Q 2 , R 2 < 4m 2 f , y b and z b are pure phases. Note that the expressions of t and u in terms of y b and z b are invariant under the inversion
This means that for 0 < Q 2 , R 2 < 4m 2 f it does not matter whether we give to Q 2 and R 2 a positive or a negative imaginary part. Let us choose Q 2 → Q 2 − iǫ and R 2 → R 2 − iǫ. Then we have
with ψ = arctan 4m
When Q 2 and R 2 vary from 4m 2 f to infinity, y b and z b are real and positive and vary from 1 to 0. The variable x b is a pure phase for 0 < P 2 < 4m 2 f . It varies from 1 and 0 when P 2 varies from 4m 2 f to +∞. In the physical region we have
i.e. 
A.2 Mellin-Barnes Expansion of the GHPLs
To study the low and high energy behavior of the two-loop corrections one needs the expansion of three GHPLs of two kinematical invariants, Eqs. (110-112), in the limits s ≫ m 2 f and s ≪ m 2 f . To perform the expansions we apply the inverse Mellin-Barnes transformation to the integral representation of the GHPLs. In this Section we describe the technique and present the result of the expansion. We start with the GHPL of weight one in Eq. (110):
By changing the integration variable w = yr we obtain the following integral representation:
Then we apply the inverse Mellin-Barnes transformation to the square root in the integrand:
The integrand has two infinite series of poles in the σ complex plane:
"left hand side poles" at σ = −n − 1 2 , for n = 0, 1, 2, · · · ; "right hand side poles" at σ = n , for n = 0, 1, 2, · · · .
One has to choose the integration contour in Eq. (129) so that
Then we find
The integral over r can be evaluated analytically
where 2 F 1 is the hypergeometric function. In order to obtain the asymptotic expansion in the y → ∞ limit at fixed τ = y/x it is sufficient to close the integration contour in Eq. (132) on the r.h.s. of the σ complex plane. One finds
where the functions g (1,L) n can be easily obtained e.g. with the help of [43] . For n = 0, 1, 2 they read
To obtain the asymptotic expansion of this GHPL in the limit y → 0 for fixed τ it is necessary to close the integration contour in Eq. (132) on the left hand side (l.h.s.) of the σ complex plane. One obtains
where the functions g
The expansion of the remaining two GHPLs is almost identical. By inverse Mellin-Barnes transformation the GHPL of weight two in Eq. (111) can be written as
Again, the integration contour has to satisfy Eq. (131). By closing the integration contour on the r.h.s. of the complex σ plane, in the limit y → ∞ one finds
The functions g
Alternatively, by closing the integration contour on the l.h.s. of the complex σ plane, which corresponds to the limit y → 0, one obtains
For the GHPL of weight three in Eq. (111) we have
Once again, the condition in Eq. (131) has to be satisfied by the integration contour in Eq. (151). By closing the integration contour on the r. h.s. of the complex σ plane one obtains the asymptotic expansion in the limit y → ∞:
The first three g (3,L) n functions are given by
By closing the integration contour in Eq. (151) on the l.h.s. of the complex σ plane one finds the asymptotic behavior of the GHPL in the y → 0 limit:
(1,S) n for n = 0, 1, 2 read
It is interesting that, though the expansion of the three GHPLs discussed above in the s ≪ m 2 f limit involves arctan( √ τ ) terms, these terms completely cancel in the expansion of the auxiliary functions B 1 , B 2 , and B 3 .
B Auxiliary Functions
In this Appendix we collect the expressions for the auxiliary functions used in the paper which are valid in the non-physical region s < 0 (P 2 > 0). The analytical continuation to s > 0 is discussed in Section A.1. The dimensionless variables x and y, used in the explicit formulas below, are related to s and t via Eq. (19).
B.1 One-Loop Functions
Vacuum polarization:
where:
Dirac form factor:
Box B-functions:
where: 
B (2l,−2) 2 = 8(2x 2 + 2xy + y 2 ) 9y 2 12 − 5y + 3(y − 2)(y + 4) y(y + 4) G(−µ; y) , 
